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Abstract 

Given an almost generalized complex structure, there exist associated 
almost bihermitian structures. We then derive geometric conditions for 
the integrability of an almost generalized complex structure in terms of 
its underlying almost bihermitian structures. As an application, we prove 
that a compact smooth 4-manifold has generalized complex structures of 
odd type if and only if it admits transversely holomorphic 2-foliations. 
Particularly, such structures exist on x A'^^ for any compact 3-manifold 

with transversely holomorphic flow. 



1 Introduction 

Generalized complex structure naturally generalizes symplectic and com- 
plex structures, and has many applications to physical string theory in recent 
years. The existence of generalized complex structures is studied for example 
in ([4], [17]). Recall that any generalized complex manifolds must admit almost 
complex structures. However, the problem when an almost complex manifold 
has generalized complex structure is still not clearj 

In this paper, we study generalized complex structure from the view of al- 
most complex structures. Given a generalized complex structure J : T®T* — > 
T © T* on M^", we can always find two almost complex structures 
(not unique), compatible with the same Riemannian metric g ( such a triple 
{g,j+,j^) is called an almost bihermitian structure), and a real two form 
b such that 

^ ^ U 1 \ / 7+ + J- cuZ'-cj^' \f I 
^ 2\b I J {lo^-lu^ -Ul+jl) jy-b I 

where lu±{X, Y) — g{j±X, Y) for any X,Y E T. Conversely, given a two form b 
and an almost bihermitian structure {g,j +,]-), the map defined above will 
be an almost generalized complex structure. We then derive the integrability 
conditions of J in terms of geometric equations of ujj^ and a;_. Recall that 
a generalized Kahler structure consists of two commuting generalized complex 
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structure J2 so that their composition gives a gcnerahzed metric. Using the 
equations of 0;+ and w_ from both J\ and we can reprove the integrabihty 
conditions in Gualtieri's theorem on the equivalence between generaUzed Kahler 
structure and the target space geometry of supcrsymmctric sigma model. 

We also apply these equations to study the existence of type one generalized 
complex structures on 4-manifolds. On a 4-manifold, the odd type generalized 
complex structures must be of constant type one, and then indiicc regular 2- 
foliations with transversely holomorphic structure, the converse is not known 
yet. With the existence of Gauduchon metric in the conformal class of almost 
Hermitian metrics on almost complex manifolds and the above integrabihty con- 
ditions, we prove the converse: a compact orientable 4-manifold has type one 
generalized complex structure if and only if it admits transversely holomorphic 
2-foliations. As a corollary, we prove that there are generalized complex struc- 
tures of type one on x iV^ for any compact 3-manifold N'^ with transversely 
holomorphic flow. Using the linear foliations on T^, we also give an example of 
type one generalized complex 4-manifold whose symplectic leaves are noncom- 
pact and everywhere dense. 

The structure of the paper is as follows. 

In section 2, we start with definitions in generalized complex geometry. After 
stating the connection between almost generalized complex structure and almost 
bihcrmtian structure, we prove the intcgrabiligy theorem. Gualtieri's theorem 
is then derived. When the two almost complex structures from the bihermitian 
strucuture commute with each other, a much simpler version of the integrabihty 
conditions is also achieved. 

In section 3, we discuss the generalized complex structures of odd type 
on 4-manifolds. To find the relation between generalized complex structures 
and transversely holomorphic foliations, we introduce two definitions of trans- 
versely holomorphic foliation and prove their equivalence. Then we introduce 
the Gauduchon metric and discuss its existence on almost complex manifolds. 
In Theorem 3.9, we prove the correspondence between type one generalized com- 
plex structures and transversely holomorphic 2-foliations on compact orientable 
4-manifolds. 

Acknowledgement. The authors would like to thank their adviser Prof. 
Tian-Jun Li for many helpful discussions and advices on revising the paper. We 
also thank Tedi Draghici for clarifying the Gauduchon metrics and Weiwei Wu 
for useful conversations. 

2 The almost bihermitian structure and integrability 

In this paper, all manifolds considered are smooth and orientable. First we 
give the basic definitions which will be used later. For more details, we refer to 
[10] . Given a manifold M, a natural symmetric pairing on the direct sum of the 
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tangent bundle and cotangent bundle T ® T* is given by: 

{x+^,Y+7^)^^Mx)+m), 

where X,Y G T and ^,77 G T* . The Courant bracket [11] with respect to a 
closed real 3-form H of two sections of T ® T* is defined by: 

[X + ^,Y + r]]H = [X, Y] + Cxv " ivd^ + inxH. 

Definition 2.1. An almost generalized complex structure on a manifold M is an 
endomorphism JT" of T ® T* preserving the natural pairing such that = —id. 
A generalized complex structure is an almost generalized complex structure J7 
such that its +« eigenspace, L C (T © T*) (g) C is closed under the Courant 
bracket. 

Lemma 2.2. Let J he an almost generalized complex structure on M^", then 
there exists an almost bihermitian structure {g,j+,j-) and a real two form b, 
such that 

T=\i ^ \ / wZi-c.;! W 1 

^ 2\h \ )\^^-u,. -ijl+jl) j{-b 1 

where Lli± = gj± . 

Proof. As in [10], given an almost generalized complex structure, the struc- 
ture group of T ® T* can be reduced from GL{4n) into U{n. n) which is homo- 
topic to U{n) X U{n). Geometrically, wc can thus spHt T®T* = C+ ®C_, where 
C± are postive/negative definite subbundles with respect to the inner product, 
and J{C±) = C±. Define Jo = - J on C+, and Jo = J onC-. Then { J, Jq) 
gives an almost generalized Kahler structure. By Theorem 2.14 in [12], there 
always exists an almost bihermitian structure {g,j+,j-) and a real two form b 
such that J is given as above. □ 

Now we study the integrability of J. 

Theorem 2.3. Given an almost generalized complex structure J on a smooth 
manifold M^", let {g, i+ , j_ , h) be an almost bihermitian structure and a real two 
form associated to J. Denote x'_J^'°^y^'0 c T ^ C to be the corresponding +i- 
eigenbundles of and H a closed real three form. Then J is H-integrahle 

if and only if the following two conditions hold: 

• duj+{X+ + X_, y+ + Y_,Z+) - + [Y+ + Y_,Z+]) + + 
w_ ) (y_ , [X+ +X_,Z+])- (X_ ,Y_) = -i{H + db) {X+ +X_,Y+ + 
y-,Z+) (1) 

• duj-{X+ + X_,Y+ + Y_,Z_) - + lo+){X+, [Y+ + Y_,Z_]) + + 
w+)(y+, [X+ + X_,Z_]) - Z_LO-{X+, Y+) = i{H + db){X+ + X_,Y+ + 
Y-,Z.) (2) 
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where X±,Y±, Z± are sections o/Tj.'°. 

Proof. Given J' as in lemma 2.2 and H a closed real 3-form. First consider 
the +i eigenbundle of 

7-/^1/^ j+ + j- wZ^ - \ 

Then direct computation gives J'{X+^) = i{X+^) if and only if j+{X+g^^£^) = 
i{X + and - ff-^O = iiX - i-e- ^ + 5"'^ e T^'° and 

X - g-^^ e rl'°. Note that a vector field W G T_]:'° if and only if g(W, Z+) ^ 
for any G T]:'°, thus the above conditions give that {X,^) G +i eigenspace 
of J'' is equivalent to: 

giX, Z+) + az+) = g{X, Z_) - ^{ZJ) = (3) 

for any Z± G T^'". 

Let L' be the +i eigenspace of J', and we define the following injective maps 

i+ : tI'° L', i_ : Ti'° L' 

X+ ^ {X+,gX+) X_ ^ {X_, -gX_). 

then ij^T^^ H i-T^^ = and we have L' = ij^T^^ © i^T^'^ . So for any 
(X.X) G i', there exists unique X+ G t]:'°,X_ G Ti'° such that X + ^ = 
X+ + X- + giX+ — X-). Now we can get that the +i eigenspace of J is 

L = e^L' = {X+ +X_+ b{X+ + X_) + g{X+ - X_)\X± G T^'"}, 

then 

[X++X_+b{X++X_)+g{X++X_),Y++Y_+b{Y++Y_)+g{Y++Y_)]H 
= e^[X+ + X_+ g{X+ + X_), Y++Y_+ g{Y+ + Y_)] 

+ iY++Y-ix++X- {H + db). 

Since L' = e~^L, then 

[L, L\hCL^ [L', L']H+db = e-'lL, L]h C L' 

i.e. L' is H + db -involutive. So we only need to find the integrability condition 
fori'. LetX+^ = X+ + X_+g{X++X_), Y + r] = Y+ + Y_+g{Y+ + Y_) e U, 
then 

[x + ^,Y + 7j]H+db = [x+ + X-,Y+ + y_] + /:x++x_g{Y+ - y_) - 

iY++Y.d{g{X+ - X_)) + iY++Y.ix++x. {H + db). 

Use (3) we get that [X + ^,Y + r]]H+db € L' if and only if 
g{[X+ + X_,Y+ + Y_],Z+) + {Cx^+x.9{Y+ - Y_) 
-iY++Y.d{g{X+-X_)){Z+) = -{H + db){X+ + X_,Y++Y_,Z+). (4) 

g{[x+ + x_, r+ + y_], z_) - {Cx^+xMY+ - y_) 

- iY++Y.d{g{X+ - X_)){Z_) = {H + db){X+ +X_,Y++ Y_,Z_). (5) 
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We use g = —oJ±j± and Cartan formula Cx = ixd + dix for differential forms 
to get 



Cx^+x.g{y+ - y-) - iY++Y.d{g{X+ - X_)){Z+) 
=i{X+ + X_)w_(F_, Z+) + iuj+{Y+, [X+ + X_,Z+]) - [X+ + X_,Z+]) 

- + y_ V_ (x_ , z+) - iz+ (x+ , r_ ) - w_ (x_ , y+)) 

- ZW+ {x+ , [y+ + y_ , z+] + iLo^ (x_ , [y+ + r_ , z+] ) 

= - i{X+ + X^)lo+{Y^,Z+) + iuj+{Y+, [X+ + Z+]) - [X+ + X_,Z+]) 

+ i{Y+^Y.)u:+{X_,Z+)-iZ+{uj+{X+,Y_)+ lo+ {X_ ,Y+)) 

- icJ+{X+, [Y+ + y_, Z+]) + iLO-{X_, [Y+ + Y_,Z+]). 

the last equality holds because a;_(F_, Z+) = ig{Y-,Zj^) = iLO+{Y-, J+Z+) = 

-co+iY_,Z+), A\sog{[X++X_,Y+ + Y_],Z+) = ico+i[X++X^,Y+ + Y.],Z+), 
and uj± are (1,1) forms with respect to j±, then we can rewrite (4) to be 

doj+{X+ + X^,Y+ + Y^,Z+) - (c^+ + co_)(X_, [Y+ + Y_,Z+]) 

+ + w_)(y_, [X++X^,Z+]) - Z+Lo+{X_,Y_) 

= -i{H + db) {X+ +X_,Y++Y_,Z+). 

Similarly (5) becomes 

duj-{X+ +X_,Y+ + Y_,Z_)-{u-+ [Y+ + Y_,Z_]) 

+ {oj- + u;+){Y+, [X+ + X_,Z_]) - Z_uj_{X+,Y+) 

= i{H + db){x+ + x_, y+ + y_, 

Then the theorem is proved. □ 

Remark 1 : The equations (4) and (5) directly indicate that j'_J^'0_|- j-^-O involu- 
tive. In the case T|_'°nTl'° = 0, yi'O + yi.o = y^c, this follows automatically. 

Otherwise take Z+ ^ Z^ ^ Z e T]:^ ("1 t1'° in (4), (5) and add them to get 
y+ +y_], Z) = for any Z G r+'°nTl'°. Note that the orthogonal 

complement (rj'° n rl'°)^ is just rj'° + rl'° as rj'° + t!'" c (T^'° n t1'°)^ 
and the two spaces have the same dimensions. Therefore [X+ + X_, y^ + y_] G 

yi,o _^ yi,o fgj. ^j^y x±, y± e t|'°. 

Also, we can reprove the following result from Theorem 2.3, which is orig- 
inally obtained in Gualticri's theorem [10] on the equivalence between gener- 
alized Kahler strucuture and target space geometry of (2, 2) supersymmetric 
sigma model. 

Proposition 2.4. ( Gualitieri) The almost generalized Kdhler structure 

2\b I -(j;±i*) )\-b I 

is integrable if and only if 
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• Tj_' are involutive. 

• d%uj+ = -diuj- = -{H + db) 

Proof. For one direction, consider the almost generalized complex structures 
J\-,J2- The equalities (4) and (5) give intcgrability of J\. Since is obtained 
from J\ by replacing j_ by — j_ , then Ji is integrable if and only if the following 
are satisfied: 

- - ^-))(^+) = -{H + dh){X^ + X_, F+ + y_, Z+) (6) 

-%Y^+Y.d{g{X^-X-y){W-) = {H + db){X+ + X_,Y+ + Y_,W-). (7) 

where X±, Y±,Z± e Tj.'° and X-,Y-,W- € T°'^ denote the complex conjugate. 
Let X_ = y_ = in (5) and X_ = = in (7), then add them to get: 

g{[X+,Y+],Z) - {CxMY+)-iYMX+)){Z) 

= {H + db){X+,Y+,Z). (8) 

for any Z = Z_ + W-. Since © T°'^ = T (g) C, the equation (8) holds for 

any Z G T (g) C. Let Z ^ Z+ € r]:'° in (8) and X_ = YL = in (4), adding 
them together gives g{[X+,Y+], Z+) = for any Z+ e T+'°, i.e. [X+,Y+] G 
T+'° for any X+,Y+ G Therefore T]:'° is involutive. Now g{[X+,Y+]) = 

— y+]) = — y+]), we can rewrite the equality (8) to be: 

- + iY+dix+ui+ = iY+ix+i{H + d6). (9) 

Note that i[x+,Y+] = [C-x^Tivj^] = ^.x^iv^ — iv^C-x^ - Use this relation to sim- 
pliiy (9) first and then apply £x+ = ix+d + dix^ to get the following: 

iY+ix+dio+ = -iY+ix+i{H+db). (10) 

Similarly, let X+ = y+ = in (5) and take the complex conjugate to get 

g{[X,,Y_],Z+) - {Cx^9{y-)+^Y.d{g{X-)){Z+) 

= -iH+db)iX^,Y^,Z+). (11) 

Combine (6) and (11) and use the same argument as above: First we get for 
any Z G T (g) C. 

g{[X.,Y.],Z) - {Cx_9{Y-)-iY_d{g{X-)){Z) 

= -{H + db){X_,Y_,Z). (12) 

Then let Z = W- € T°'^ in (12) and X+ = y+ = in (7) to obtain g{[X_,Y_],W-) = 
for any X_,Y_ G T°'\ i.e. T°'^ is also integrable. Similarly we can use (12) 
to prove that: 
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iY_ix_doj- = —iY_ix_i{H+db). 



(13) 



Note that H + db is a. (1, 2) + (2, 1) form with respect to both j±. Use the {p, q) 
decomposition of forms with respect to j± the equations (10) and (13) are equiv- 
alent to: 

dluj+ = -dlcj- = -{H + db) 

where c?j_ = i{d± — d±). 

For the other direction. If T^'^ are invohitivc and = — df_a;_ = —{H + 

db). Consider the intcgrabihty of J7i first. By the above theorem, we only need 
to show the equalities (1) (2) hold in three cases. If X_ = Yl = 0, then (1) is 
true as dco^ and H + db are both (1, 2) + (2, 1) forms for j+. If = F_ = 0, 
then the left hand side of (1) is equal to 

duj+iX^,Y+,Z+)-{uj++uj.){X_, [Y+ ,Z+]) 

= d^+{X_,Y+,Z+) 

= -i{H + db){X_,Y+,Z+). 

The first equality holds because T^'^ is involutive and (a;+ + w_)(X_, W-|-) = 0. 
The second equality holds because rf'^w-i- = —{H + db). Now if X_|_ = 1+ = 0, 
as we calculate in theorem 2.2, the left hand side of (1) becomes 

d^+ (x_ , y_ , z+) - (CU+ + ) (x_ , [r_ , z+] ) + (lu^ + LU+ ) (r_ , [x_ , z+] ) 

-Z+Lo^{X^,Y^)=tg{[X^,Y^lZ+)+i{{Cx_9{-Y_)-iY_d{g{-X_)){Z+)) 
= -diu^{X^,Y_,Z+) = -i{H + db){X^,Y^,Z+) 

The third equality holds as d'Lui- = {H + db). So we have proved (1), and 
similarly for (2) and the integrability of ^72- □ 

Almost bihermitian structure with two almost complex structures commuting 
with each other is interesting. With this assumption, we can simplify the equa- 
tions (1), (2) a lot. To get the simplified version, we need the following obser- 
vation: 

Lemma 2.5. Let M be a m,anifold, with an almost bihermitian structure (9, j+,j-) 
and j+j- = 3-3+ ■ Then the two fundamental forms w± = g3± satisfy the fol- 
lowing relations: 

a;_ (X+ , r+) = (X_ , y_ ) = 0, a;+ (X, y ) + (X, y ) = 

for any X±, 1± G r±'° and X,Y £ T+'° + Ti'°. 

Proof. Since j+ and j_ are both compatible with g, also j+j- = we 
have LO-iX+,Y+) = g{3.X+,Y+) = g{3+3.X+, 3+Y+) = 5(j_j+X+, j+y+) = 

-g{j-X+,Y+) = -co-{X+,Y+). Thus lj-{X+,Y+) = 0. Similarly w+(X_,y_) 

= 0. Now we can show the third equality. Given any X,Y £ 

there exist X±,Y± G such that X = X+ + X-,Y = Y+ + Y-. Note 
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that uj+{X+,Y+) = a;_(X_,y_) = 0. Also a;+(X+,y_) = ig{X+,Y^) = 
ioj-{X+,j_Y_) = -w_(X+,r_). Therefore Y)+uj_{X,Y) = oj+{X_,Y_) 

+ w_(X+,y+) = 0. □ 

Corollary 2.6. Given an almost generalized complex structure J' on a smooth 
manifold M^", let (g, j+ , , b) be an almost bihermitian structure and a real two 
form associated to J. Use the same notation as above. If j+ and j- commute, 
then J is H-integrable if and only if t]:'" + T^'*^ is involutive and the forms 
uj±,b and H satisfy the conditions: 

dOJ+\rpl,0_^_rpl,0 = —dUJ—\rpl.0^rpl,0 = — Z ( if + (^6) | 1 , _|_ 1 , 

Proof. If J' is iJ-integrable, then x^fi + T^''^ is involutive as noted in Remark 

1. Use the formula doj±{X, Y, Z) = Xu){Y, Z) + u:{X, [Y, Z]) + c.p. (where c.p. 

indicates cychc permutation) to expand da;±(X+ + + Y_,Z_|_). Since 

j+j- = j-j+, applying the above lemma, oj+{X, Y) + u)-{X, Y) =0 for any 

X,Y € tI'° + t1'°, we obtain that 

duj+ {X+ + X_,Y+ + Y_,Z+) = -duj- {X+ +X_,Y++Y_,Z+). (14) 

Similarly we have 

doj+{X++X_,Y+ + Y_,Z_) = -doj_{X+ + X_,Y+ + Y_,Z_) (15) 
Use Lemma 2.5 again to reduce the interability conditions in Theorem 2.3 to: 

diJ+{X+ + X-,Y+ + Y-,Z+) = -i{H + db){X+ + X-,Y+ + Y-,Z+) 

doj_{X+ +X_,Y+ + Y_,Z_) = i{H + db){X+ +X_,Y++ Y_,Z_) 

Hence we get that 

doj+{X++X_,Y+ + Y_,Z+ + Z_) = -doj-{X+ + X_,Y++Y_,Z+ + Z^) 
= -i{H + db){X+ +X_,Y++Y_,Z+ + Z_). 

That is, 

dLO^\j,i,o_^j,i,o = —dijJ—\j,i,o_^j,i,o = — z(i? + d6)|j,i,o_|_j,i,o. 

Conversely, if T^'^ + T^-" is involutive, the above equations and Lemma 2.5 give 
(1), (2) in Theorem 2.3, which imply that J is iJ-integrable. □ 

Remark 2: When j+ = j_, the above conditions indicate T]:'° is intcigrable; 
and when j+ = —j-, the conditions indicate that = duj- =0. In these 
special cases we see that the generalized complex structures are 6-transforms of 
complex or symplectic structures. 

Another version of the corollary can be obtained from Proposition 3.5 in [2]. 
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3 Odd type generalized complex four-manifolds 



Let J : T ®T* — >^ T ® T* be an almost generalized complex structure 
on M^". The type of ^ at a point x is defined to be n — dimP^^HT ) ^ ^j^gj.g 
Px -Tx^BT* ^ Tx is the projection. It is a fact that the type must be integers 
and keep the same parity within a connected component. Therefore, any odd 

type generalized complex structure on a 4-manifold must be of constant type 
one. The following lemma is from Remark 2.15 in [12] and Lemma 2 in [1]. 

Lemma 3.1. Given an almost generalized complex structure J on a smooth 
four manifold M^, let {g,j+,j-) be an associated almost bihermitian structure. 
Then J has type one if and only if induce different orientations. Also, 

we have j+j- — ]-]+ in this case. 

We then get the topological conditions of existence of type one almost gen- 
eralized complex structures. 

Proposition 3.2. A ^-manifold admits type one almost generalized complex 
structure if and only if it has an orientable 2- distribution. 

Proof. By the above lemma, if {g,j+,j-) is an associated almost biher- 
mitian structure, then j+.j- induce different orientations and j+j- = .]-.]+■ 
Therefore ker{j+ i J-) will be even dimensional as they are invariant under j±. 
Since induce different orientations, ker{j+ ±j_) each gives an orientable 

2-distribution. On the other side, if E is an orientable 2-distribution, choose 
a Riemannian metric g such that T = E (B N, where N is orthogonal to E. 
Denote to be the rotation of E by +7r/2, and similarly Pat be the rotation 
of N by +7r/2. Define j+ = pe + PN,j- = Pe - Pn, then {g,j+,j-) is an 
almost bihermitian structure with opposite orentations. By Lemma 3.1 

it induces almost generalized complex structure of type one. □ 

In [15], the topological requirements for the existence of orientable 2-distribution 
on a compact oriented 4-manifold are given explicitly. For the reader's conve- 
nience, we state it here: let (t and x ^^e the signature and Eulcr characteristic 
of the manifold, then it admits an orientable 2-distribution if and only if; (1) if 
the intersection form is indefinite, then cr -|- x = mod 4, and cr — x = mod 4; 
(2) if the intersection form is definite, then a + x = mod 4, cr — x = mod 4 
and \a\+x> 0. 

Given J an integrable almost generalized complex structure of type one on M^, 
by Corollary 2.6, T^J: " -I- T^'^ is involutive. This turns out to induce structure 
of transversely holomorphic foliations. 

Definition 3.3. A C°° codimension p foliation on a smooth manifold M" 
is given by an open covering {[/jjig/ of M together with homeomorphisms 
fi'.Ui^ M" such that: if Ui D Uj ^ 0, the transition functions fij = fj o /r^ : 

f^iU.,nUj) fjiU.nUj) are smooth and given by: f,j{x,y) = {fl^{x,y)jf^(y)), 
where {x,y) S M"~p x W, and are diffeomorphisms between open sets in W. 
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The subsets x {c}) in Ui will glue together to give connected 

immersed submanifolds in M, which are called the leaves of M. Use F to denote 
the tangent distribution of J^, whose fiber at each point x is the tangent space 
to the leaf through x. A foliation T is called orientable if F is an oricntable 
vector bundle. From now on we assume that all the foliations in the rest context 
are orientable without notification. 

Definition 3.4. A transversely holomorphic foliation with complex codimen- 
sion m is a foliation such that p = 2m and ffj are biholomorphisms between 

open sets in C™. 

Like the complex structure and almost complex structure, we can charac- 
terize the transversely holomorphic foliation in terms of transversely almost 
complex structure. 

Let N = T/F be the normal bundle of a foliation J^. 

Definition 3.5. A transversely almost complex structure of a foliation J" is an 
endomorphism 

j : N ^ N 

with f = -id. {F,j) is said to be integrable if ['k-^{N°^^),tt-\N°'^)\ C 
7r"i(iV"'i), where tt : T (g) C ^ AT (g) C is the projection and N^''^ C N (g: C 
is the — i-eigenbundle of j. 

Proposition 3.6. [6] There is one to one correspondence between transversely 
holomorphic foliations and foliations with integrable transversely almost complex 
structure. 

Proof: Use the notations as above. For one direction, given a transversely 
holomorphic foliation write the difFeuiorpliisms fi in Definition 3.2 to be 
{fl,fi), where ff : Ui — > C™ are submersions. Then N\u. can be identified 
with /?*TC™. If the transition functions are holomorphic, then the almost 
complex structure on N\iJi induced by the holomorphic structure of TC™ does 
not depend on Ui and match together to give a transversely almost complex 
structure. As n-'^{N°'^) = /^^(TR"-^™ C x TO'^C") is involutive in each 
Ui, the transversely almost complex structure is integrable. 

For the other direction, if tt~^{N'^'^) is involutive, since n~^{N°'^)+Tr-^N°^) 
= T C, the existence of transversely holomorphic structure follows from the 
complex Frobenious theorem [16]. □ 

We also need to introduce the Gauduchon metric on almost complex mani- 
folds before stating the theorem. 

Definition 3.7. Given an almost complex manifold (M^",j), let T*^^''') = 
/yprp*{i,o) /^qrp*{o,i) ^-i^g bundle with sections {p,q) forms. Define d = 
TTp^q+i o d : T*M T<'P'i+^\ d = TTp+i,q o d : T^V't^ j^*(p+i,<?) to be the 
formal differential operators. Then an almost Hermitian metric g is said to be 
a Gauduchon metric if ddoj'^~^ = where co = gj is the fundamental form. 
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The existence of Gauduchon metric is well known on compact complex man- 
ifolds in any conformal class of Hermitian metrics. The proof actually does not 
require the integrability of almost complex structures and the existence is also 
true for almost complex manifolds ([7], [5]). 

Proposition 3.8. [7] In any conformal class of almost Hermitian metrics on a 
compact connected almost complex manifold, there exists a unique Gauduchon 
metric up to scalars. 

Now we are ready to prove the following existence theorem. 

Theorem 3.9. A compact orientable 4-fno-nifold admits odd type generalized 
complex structures if and only if it has the structure of transversely holomorphic 
2- foliations. 

Proof: For one direction, if J7 is a type one generalized complex structure 
on M^, let {g,j+,j-) be an associated almost bihermitian structure. From 
Lemma 3.1, j+,j- induce different orientations and commute. Therefore 

ker{j-^ are 2-distributions and we have the decompositions tJ.'*^ = A®B, 

rl'° = 1 © where: 

A = Tl'°r\T°'\ B = Tl'°n T^'° 

are complex line bundles. From Corollary 2.6, t]:'° + T^''^ = A (B A (B B is 
involutive. Taking conjugate gives that A(BA(BB is also involutive. Therefore 
their intersection A(BA = F<S:Cis involutive, where F = ker{j+ + j_) is the 
2-distribution. Moreover, let iV = T/F, then the projection 7r:T(g)C->7V®C 
induces an isomorphism between B ® B and iV (8> C. Let iV°'^ = Tr{B), then it 
defines a transversely almost complex structure j : N ^ N. As 

7r-i(7v0.i) = a®A®B = tI'° + t1'° 

is involutive, j is integrable. Thus it gives a transversely holomorphic folia- 
tion by Proposition 3.6. Moreover, since tt' 

projection of the +i eigenbundle of ^7 to T (g) C, the transversely holomorphic 
2-foliation is uniquely determined by J^. 

On the other side, given a transversely holomorphic 2-foliation (F, j) on a 
compact 4-manifold M, we want to construct an almost bihermitian structure 
{g,j+,j-) such that induce different orientations and the conditions in 

Corollary 2.6 are satisfied. First embed the; bimdle N = T/F into T to get 
a splitting T = N Q) F. Choose a Riemannian metric g on M such that g is 
compatible with j on N and TV is orthogonal to F. Define two almost complex 
structures on M by j+ = —j on N and j+ to be the rotation by 7r/2 on F and 

j- = -j+\F+j+\N- 

Then {g,j+,j-) is an almost bihermitian structure on M'^. By definition, 
induce different orientations and j+j- = j-j+ ■ Also we have T^''^ + T^'^ = 
A^O'i ® F (g) C. The integrability of j ensures that T]:'° -|- T^'° is involutive. 
By Proposition 3.8, we can assume g is a Gauduchon metric with respect to 
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j+ (otherwise, replace it with the Gauduchon metric in its conformal class and 
it's still compatible with j+, j_). Now by Corollary 2.6, {g,j+,j-) gives an 
il-integrable generalized complex structure if 

As T^''^ + T^'^ is involutive and j+j- = from the equalities (14) and 

(15) in Corollary 2.6, we know that dui +\j,i,o_^j,i,o = —dui-\j,i,o_^j,i,o. Then the 
theorem follows from the next lemma. □ 

Lemma 3.10. Given {g,j+,j-) an almost bihermitian structure on a four man- 
ifold with j+ , j- inducing opposite orientations , use the notations as above. 
If d+d+(jj+ = 0, then there exists a closed real three form H such that 



Proof. Use the same notions as above. Let A = t]:'° n T°'^ and B = 
t]:'" n Ti^° be complex Hne bundles. As T ®C = F_® C ® B ® B, we have the 
splitting N^T*®^ = ©fe+„+„=3A'=F*®A™B*(8)A"i3*, with F = F®C. For any 
three form (f) e ^^{M, C), we denote to be its components corresponding 

to the splitting, where fc < 2,m,n < 1 because of dimension reason. Now to 
find a close real three form H such that rfw+|j,^,o^yi,o = — iiJ|yi,o^yi,o, write 
H = ij2,i,o _|_ jfj2,o,i xhcn the equality in the lemma is equivalent to 

iJ^.i.o = i(dw^)2,i,o^ yj^^^, + Tb^> = F(S,C®B. As H is real, we get that 



So only H^'^'^ is not determined, and we need to find a three form H^'^'^ such 
that dH = 0. Write 

d+LJ+ = (a+^+)2'l'0 + (a+C^+)2.0.1 + (9+C0+)l'l.l. 

For any X e A c T^'°, Y €Ac T°'\ Z gBc tI'°, we have 

{d+oj+f'^'°{X,Y,Z) = d+oj+{X,Y,Z) = 

The second equality holds as is a (1,2) form with respect to j^. Thus 

(9+w+)^'^'° must be since it is a section of A^(A* © A*) (g) B* . Using the fact 
dio+ = d+oj+ + d+LO+ on a 4-manifold, we obtain that 



thus (dw+)2'0'i = (dw+)2,i,o = (d+uj+y-^'O = {d+uj+)^-"'\ (16) 
As = (a+a;+)2'0'i + (5+w+)i'i'\ 9+^+0;+ gives that 

Similarly d+{d+LO+f'°^'^ = -d+{d+LO+y''^^'^ as d+d+ij+ = 0. 

Note that dip = dip + dip for any three form on a 4-manifold, we actually get 

d{d+u)+Y'^'^ = -d{d+co+f'^'^ 

Hence by (16), 
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Now that dH = if and only if 

= -id((ia;+)2.o,i + id{du+f'^'^ 
= -2Imrf(rfa;+)2'0'i 
= 2Inirf(9+w+)i'i'i. 

where Im denotes the imaginary part of the form. Let H^'^'^ = 2Im(9+w+)^'^'^, 
as if2,o,i + ^2,1,0 = -i^doj+)^'^'^ + i(dw+)2.o,i = 2Im(da;+)2'0.i, 

= 2Im(a+u;+)i^i'i + 2Im(dw+)2.0'i 
is a closed real three form such that duj^\j,i,o_^^rpi,o = — iH\j,i,o^j^i,o . 

The computations in the above lemma are partially helped by those in Bai- 
ley's paper. In [2], the obstruction forms are defined (Section 5) for a regular 
Poisson structure with transverse complex structure. Our lemma can lead to 
the statement that for a transversely holomorphic 2-foliation on a 4-manifold, 
the Gauduchon metric g induces a Poisson structure such that the obstruction 
forms vanish. 

We now derive some applications. First there is transversely holomorphic 

foliation structures on any surface bundle over a Riemann surface, where the 
foliation comes from the fibering and the holomorphic structure is pulled back 
from the base. As a consequence, we reprove the result in [2]. 

Corollary 3.11. A compact orientable 4-fnanifold which is diffeomorphic to a 
surface bundle over Riemann surface has type one generalized complex struc- 
tures. 

The following example gives generalized complex structures of type one on 
4-manifold with symplectic leaves noncompact and everywhere dense. 

Example. Consider the linear foliation on = M^/Z*. Let X = (a, 6, 0,0), 
Y = {0,0, c,d) be two constant vector fields on R^, with a/b,c/d irrational 
numbers, and E be the constant 2-plane field perpendicular to X,Y. Then 
X,Y passes to a 2-foliation on T*, and E passes to a two distribution E 
on T"* which is transversal to T. Any linear transformation L : E ^ E with 
= —id induces an integrable transversely almost complex structure of T. 
The leaves of T are immersed and are each everywhere dense in T^. By 
Theorem 3.9, there are generalized complex structures of type one associated to 
the linear foliation. 

We can also construct generalized complex structures from 3-manifold. Re- 
call transversely holomorphic 1-foliation on 3-manifold is called transversely 
holomorphic flow, we then have the following. (Thanks to Weiwei Wu for sug- 
gesting X A''^ and Tian-Jun Li for circle bundle case.) 
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Corollary 3.12. Let he a compact orientable 3-manifold with transversely 
holomorphic flows. Then there is type one generalized complex structures on 
X , or more generally on a circle bundle over . In particular, it is true 
for being any Seifert fibered 3-manifolds. 

Proof. The transversely holomorphic structure on N'^ descends to the prod- 
uct directly. Since circle bundles are locally diffeomorphic to the product, it 
is also true. Seifert fibered S-manifolds all have transversely holomorphic flows 
[3]. □ 

Example. Especially there are type one generalized complex structures on 
X L{p,q) for any {p,q), where L(j),q) are Lens spaces. In [17], it is proved 
that there is also even type generalized complex structures on x L{p, 1) with 
arbitrarily many type change loci. 

Three-manifolds with orientable transversely holomorphic flows are classified 
in [3], [8]. There are six classes of foliations among them, which are: Seifert 
fibrations, linear foliations on T^, strong stable foliations of T^, foliations from 
holomorphic suspension of S'^, affine foliations on S'^ x and Poincare foliations 
on S^. Recall that the Taubes' conjecture claims that if a closed manifold 

X has symplectic structure, then fibers over S^. For a closed 4- 
manifold x with transversely holomorphic 2-foliation, it is not known if 

has transversely holomorphic flows or not. 
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